ON HADAMARD TYPE INEQUALITIES INVOLVING SEVERAL 

KIND OF CONVEXITY 
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■ Abstract. In this paper, we not only give the extensions of the results given in 

[7] by Gill et al. for log-convex functions, but also obtain some new Hadamard 
type inequalities for log-convex, m— convex and (a, m)-convex functions. 

1. Introduction 
■^ The following inequality is well known in the literature as Hadamard's inequality: 
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where / : I —y R is a convex function on the interval I of real numbers and a, b G / 

with a < b. This inequality is one of the most useful inequalities in mathematical 

analysis. For new proofs, note worthy extension, generalizations and numerous 

p^ | applications on this inequality, see (pQ, g], [5], [BJ, [S], [H]) where further references 

£> ■ are given. 

Let / be on interval in R. Then / : I — > R is said to be convex if for all x, y G / 
and AG [0,1], 

f (Xx + (1 - X)y) < Xf (x) + (1 - X) f (y) 

(see [H P.l]). Geometrically, this means that if K, L and M are three distinct points 
on the graph of / with L between K and M, then L is on or below chord KM. 
p^ ' Recall that a function / : / — > (0, oo) is said to be log-convex function, if for all 

x,y G / and t G [0, 1], one has the inequality (see [SJ P.3]) 

(1-2) /(te + (l-t)y)<[/(x)] t [/(y)] (1 - t) . 

^ ■ It is said to be log-concave if the inequality in (11.21) is reversed. 

H ' In fl3l . G. Toader defined m-convexity as follows: 

Definition 1. The function f : [0, b] — > R, b > is said to be m-convex, where 
m G [0, 1], if we have 

f (tx + m (1 - t) y) < tf (x) +m(l-t)f (y) 

for all i,i/£ [0, b] and t G [0, 1] . We say that f is m— concave if —f is m— convex. 

Denote by K m (6) the class of all m— convex functions on [0, b] for which / (0) < 0. 
Obviously, if we choose m = 1 , definition (JT|) recaptures the concept of standard 
convex functions on [0, b] . 

In [S] , V. G. Mihe§an defined (a,m) — convexity as in the following: 
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Definition 2. The function f : [0, b] — > R , b > 0, is said to be (a,m) — convex, 
where (a, to) G [0, 1] , if we have 

f(tx + m(l - t)y) < t a f(x) + to(1 - t a )f{y) 

for all x, y G [0, b] and t G [0, 1]. 

Denote by K^(b) the class of all (a, m) —convex functions on [0,6] for which 
/(0) < 0. It can be easily seen that for (a, m) = (1, to) , (a, to) — convexity reduces 
to to— convexity and for (a, to) = (1, 1), (a, to) — convexity reduces to the concept 
of usual convexity defined on [0, b] , b > 0. 

For recent results and generalizations concerning to— convex and (a, to) — convex 
functions, see ([2], [5], [TO]). 

In [7], P.M. Gill et al. established the following results: 

Theorem 1. Let f be a positive, log- convex function on [a,b]. Then 

(1-3) -^— f f(t)dt<L(f(a)J(b)) 

o-a J a 

where 

L (p, q) = : : — (p ^ 9) 

In p — In g 

is t/ie Logarithmic mean of the positive real numbers p, q (for p — q, we put 

L{p,p) =p). 

For f a positive \og-concave function, the inequality is reversed. 

Corollary 1. Let f be positive log- convex functions on [a,b]. Then 

1 f b 
1 / f(t)dt 

. (x-a)L(f(a),f(x)) + (b-x)L(f(x),f(b)) 
< mm : . 

xe[a,b] b — a 

If f is a positive log-concave function, then 
1 



/ (x) dx 



b — a ,_ _ 

(x - a)L(f (a) J (x)) + (b- x)L(f (x) J (b)) 
> max . 

x£[a,b] b — a 

For some recent results related to the Hadamard's inequalities involving two log- 
convex functions, see [TT] and the references cited therein. The main purpose of this 
paper is to establish the general version of the inequalities (jl.31) and new Hadamard 
type inequalities involving two log-convex functions or two m-convex functions or 
two (a, m)-convex functions using elementary analysis. 

2. Main Results 

We start with the following Theorem. 

Theorem 2. Let fi'.IcR—t (0, 00) (i — 1, 2, ..., n) be \og-convex functions on I 
and a, b G / with a < b. Then the following inequality holds: 

1 nb n / n n \ 

Ja i=l \i=l i=l / 
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where L is a logarithmic mean of positive real numbers. 

For f a positive log-concave function, the inequality is reversed. 

Proof. Since /, (i = 1, 2, ...,n) are log-convex functions on /, we have 

(2.2) A(*o+(l-*)6)<[/i(o)] t [/ i (6)] (1 - t) 

for all a,b e I and t £ [0,1]. Writing (|2~2| for i = 1,2, ...,n, multiplying the 
resulting inequalities it is easy to observe that 

(2.3) 



Hfi(ta+(l-t)b) < 



i 



n 



J{fi{b) 



fi(a) 



\ fi (6) 



for all a,b£ I and £ £ [0, 1] . 

Integrating inequality (12.3[) on [0, 1] over i, we get 



/*(«) 



As 



and 



-1 n n .1 I" n 

/ Hfiita+ii-wdtKiifiib) n 

„1 n . „{, n 

/ J\h(ta + (\-t)b)dt=- / l\fi(x)dx 



f/f. 



n 



/i(a) 



di = 



n/<(6) w <=i 



the theorem is proved. 

Remark 1. By taking i = 1 and fi — fin Theorem^ we obtain il.3\) . 
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Corollary 2. Let /, : / C R — > (0, oo) (i = 1, 2, ..., n) fee log-convex functions on I 
and a,b £ I with a < b. Then 



(2.4) 



1 



b-, 



b n 



JJ ,/j (.x) dx 



< min 



(x-a)L( n/<(o).n/*(*)) +(b-x)L( Ufi^),Ufi(b) 

i=l i=\ J_ \i=l i=l 

b — a 



If fi {i — 1) 2, •■•, «■) are a positive \og-concave functions, then 

rb n 



(2.5) 



1 



b- 



> max 

x£[a,b] 



Y[ fi (x) dx 



(x-a)L[ J] /i(a), n/iW) +(6-»)i( II /i (*) > II /< (&) 

b — a 
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Proof. Let fi (i — 1, 2, ..., n) be a positive log-convex functions. Then by Theorem 
[2] we have that 

r b n 

iifiWdt 

(=1 

rb n 



r-x IL po >>> 

\ l[fi(t)dt+ / J\fi{t)dt 

Ja ■ i Jx ■ t 



< 



(x - a)L [llfi (a) ,Y[fi(x) + (b - x) L ( jj/, (x) , J] /, (6) 



for all i£ [a,b], whence (|2.4p . Similarly we can prove (J2.5I) . D 

Remark 2. 5?/ taking i = 1 and fi = f in \2.J$ and i2.5\) , we obtain the inequalities 
of Corollary [7J 

We will now point out some new results of the Hadamard type for log-convex, 
m— convex and (a, m)-convex functions, respectively. 

Theorem 3. Let f,g : I — » (0, oo) be log- convex functions on I and a,b £ I with 
a < b. Then the following inequalities hold: 



(2.6) 



,. ' a + b\ ( a + b 



l l 
< - 



< 



2 1 b-a 

f(a)f(b) + g( ll}ll (b) 



[f (x)f(a + b-x) + g (x)g(a + b- x)] dx 



Proof. We can write 

(2.7) 



a + b ta + (l-t)b (l-t)a + tb 



2 2 2 

Using the elementary inequality cd <\ [c 2 + d 2 ] (c, d > reals) and equality (|2.7[) . 
we have 

(2.8) 



, .' a + b\ ( a + b 



1 

< - 
~ 2 

1 

2 



; {—) +9 {— 

2 (ta + {l-t)b (l-t)a + tb 



< 



+g 
i 



2 2 

, , ta + (l-t)b (l-t)a + tb 



(/( ta +(l-t)6)) 5 (/((i_t) + t6))' 



( 5 (ta + (l-t)6)) 3 (flf((l-<) a + *&))* 



-[/(to+(l-*)6)/((l-t)o + tb) 

+.g (to + {l-t)b)g ((1 - 1) a + i&)] . 
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Since /, g are log-convex functions, we obtain 
1 



(2.9) 



[/ (to + (1 - t) b) f ((1 -t)a + tb) 
+g (to + (1 - 1) b) g ((1 -t)a + tb)} 

< {-[/(atflfm^lfia^lfib)}* 

+ \g(a)} t l9(b)f- t) {g(a)f- t) [g(b)} t } 
f(a)f(b) + g(a)g(b) 



for all a,b £ I and t G [0, 1]. 

Rewriting ((2T5|) and (j!H)|) . we have 



(2-10) f[^)g f "' h 



and 



< -[f(ta+(l-t)b)f((l-t)a + tb) 
+g (to + (1 - 1) b) g ((1 -t)a + tb)} 



(2.11) - [/ (to + (1 - t) b) f ((1 -t)a + tb) + g (to + (1 - t) b) g ((1 -t)a + tb)} 



< 



f(a)f(b)+g(a)g(b) 



Integrating both sides of (|2.10|) and (|2.11[) on [0, 1] over t, respectively, we obtain 

(2.12) 



,. ' a + b\ ( ' a + b 



< 



and 
(2.13) 



1 



< 



b — a 
f(a)f(b) + g(n)!Hh) 



[f (x) f(a + b~x)+ g (x) g (a + b - x)} dx 



[/ (x)f(a + b-x) + g (x)g(a + b- x)} dx 



Combining (|2.12p and (|2.13p . we get the desired inequalities 
complete. 



The proof is 

□ 



Theorem 4. Let f,g : I —$■ (0, oo) be log-convex functions on I and a,b G I with 
a < b. Then the following inequalities hold: 



(2.14) 



2/(^V" ' 



< 



< 



1 



b — a 

f(a) + f(b) 



[f(x)+g 2 (x)]dx 



L (f (a) , / (&)) + 9 ^ + J {h) L (g (a) , g (b)) 



2 « W7„ v „ 2 

where L (. , .) is a logarithmic mean of positive real numbers 
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Proof. From the inequality (|2.10|) . we have 



,. . a + b\ ( a + b 



< -[f(ta+(l-t)b)f((l-t)a + tb) 
+ g (ta + (l-t)b)g ((1 -t)a + tb)] 



for all a,b £ I and t 6 [0, 1] . 

Using the elementary inequality cd < ^ [c 2 + d 2 ] (c, d > reals) on the right 
side of the above inequality, we have 



(2.15) / 



a + b 



" + l '^ < \[f(ta+(l-t)b) + f 2 ((l-t)a + tb) 



2 / " V 2 

+ g 2 (ta + (1 - 1) b) + g 2 ((1 -t)a + tb)] 

Since /, g are log-convex functions, then we get 



(2.16) 



[f 2 (ta + (1 -t)b) + f 2 ((1 -t)a + tb) 
+g 2 (ta + (1 - t) b) + g 2 ((1 - t) a + tb)] 

< {[/ («)] 2 ' [/ (b)f~ 2t) + [f (a)f~ 2t) [/ (b)] 2t 

+ [g{a)] 2t [g{b)f- 2t) + [g{a)f- 2t) [g{b)] 2t } 

+ f(a) 



fib) 


7(a)] 
Jib)\ 


+9 2 {b) 


"5(a)" 

LswJ 



+ 5 2 («) 



Integrating both sides of (|2.15[) and (|2.16[) on [0, 1] over t, respectively, we obtain 



[/(«). 


2/ 


[5(6)" 
.5(a). 


it 



(2.17) 

and 

(2.18) 



V ,'«+V*±^< 



b — a 



[f(x) + g 2 (x)]dx 



[f 2 (x)+g 2 (x)]dx 



* K /2<t) i 



+9 2 ib) 



1 


17(a)] 




L/OOJ 


"5(a)" 
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-I It 



( 



fib) 



f(a) 



dt + f 2 (a) 



dt + g 2 (a) 



1 r 



fib) 



1 2/ 



/(a) 



rff 



9(b) 



f(b) 



2 ^M 



V(&) 





g(a) 
g{b) 


24 " 
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logS 


(a) 



+ / 2 (a) 



5 2 (a) 



5(a) 

/(a) 



dt 



21ogfg 



g(fa) 
sK a ) 



/(a) 
■II 1 !\ 



21og4H 
° g( a ) 



0/ 
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P (a) ~ P (b) P (b) - P (a) 



1 

2 V2 (log f(a) -log/ (6)) ' 2 (log/ (b) -log/ (a)) 

g 2 (a)-ff 2 (fr) g 2 (6)-, 9 2 (a) 

2 (log ff (a) - log <?(&)) 2 (log <? (6) - log g (a)) 

2 I g ^ ^ ' ' ' >> 2 ^ ^ ' ^ 

(a) + 3 (6) .9 (a) + g (b) 
+ o X (^ W '9(b)) + r 1 (<? (6) , ff (a)) 



7, L (/ (a) , / (&)) + L (g (a) , g (b)) 



Combining (|2.17p and (|2.18p , we get the required inequalities (J2.14I) . The proof is 
complete. □ 



Theorem 5. Let f,g : [0,oo) — > [0, oo) be such that fg is in L l {[a, b}), where 
< a < b < oo. If f is non-increasing mi — convex function and g is non-increasing 
m 2 — convex function on [a,b] for some fixed mi,m2 € (0, 1] , then the following 
inequality holds: 



(2.19) 
where 



1 f b 

-, / f(x)g(x)dx < min{Si,S 2 } 

b-a J a 



Si 



(f 2 (a)+g 2 (a))+ mi f(a)f 

m 2 g (a)g( ) + m 2 / 2 ( — 

\m 2 J \mi 



m i 



™2 2 

m 2 g 



1)12 



s 2 = 



G 



(P(b)+g 2 (b))+ mi f(b)f 



n>i 



m 2 g{b)g 



(. 



2 j-2 



2 2 

m 2 g 



\1ri2 ) \m\ J \nri2 , 

Proof. Since / is mi-convex function and g is m2-convex function, we have 



(2.20) 
and 

(2.21) 



/ (to + (1 - t) b) < tf (a) + mi (1 - t) f ( — 



g (to +(l-t)b)< tg (a) + m 2 (1 - t) g 



in 2 



for all t € [0, 1]. It is easy to observe that 

(2.22) 



/ f(x)g (x) dx = {b-a) I f (to + (l-t)b)g (to + (1 - t) b) dt. 

Ja JO 
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Using the elementary inequality cd < \ (c 2 + d 2 ) (c,d>0 reals), (gjZD| and P^T|> 
on the right side of (J2.22I) and making the charge of variable and since /, g is non- 
increasing, we have 



(2.23) 



f{x)g{x)dx 



< Ub-a) I {f(ta+(l-t)b)} 2 + {g(ta+(l-t)b)} 2 



dt 



L .10 



tf (a) + mi (1 - 1) f 



mi 



+ [tg(a) + m 2 (l-t)g[ — 

m 2 



dt 



(b-a) 



3^ + ^ 2 (i 



o m l/( a )/ 

3 \mi 



+ \d 2 (a) + \m\g 2 ( 

3 3 \m 2 

(b-a) 



1 ( ^ ( b 

-m 2 g(a)g[ — 

3 \m 2 



(. 



{f 2 (a) + g 2 (a))+ mi f(a)f 



mi 



+m 2 g(a)g[ ) + m 2 f ( ) + m 2 g 2 ( 

\m 2 l \mij \m 2 



Analogously we obtain 



(2.24) 



< 



/ (x) g (x) dx 

ih-a) 



6 



(f(b)+9 2 (b))+mif(b)f 



'»i 



+m 2 g(b)g ( — ) + m 2 / 2 ( — ) + m 2 g 2 ( — 



Rewriting (|2.23f) and (|2.24|l . we get the required inequality in (|2.19|) . The proof is 
complete. □ 



Theorem 6. Let f,g : [0, oo) — > [0,oo) be such that fg is in L l ([a, b]), where 
< a < b < oo. If f is non-increasing (ai,mi) —convex function and g is non- 
increasing (a2, TO2) — convex function on [a, b] for some fixed ai, mi, 02, rn 2 £ (0, 1] . 
Then the following inequality holds: 



(2.25) 



1 f b 

7 / f i x )d W dx < min {Ei , £2} 

b- a J a 
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whe 



E t 



1 



2ai+l 
2ai 



/ 2 (a) + 



7 ^ -m 2 / 2 ( -*- 

(ai + 1) (2ai + 1) 1J V m i 



Wi/ (a) / 



(a x + 1) (2ai + 1) 

2a 2 , 2 2 

(a 2 + 1) (2o a + 1) V"i 2 

2a 2 , / & 

(a 2 + 1) (2a 2 + 1) \ m 2 



1 



TTll / 2a2 + 1 



ff 2 («) 



£ 2 



1 



2ai + l 
2ai 



/» 



2Q l m 2 f 2 (_£_ 

(ai + 1) (2ai + 1) lJ Ui 



(ai + 1) (2ai + 1) 

2a 2 



mi/ (6)/ 



1 



(-,■ 

\i7iij 2a 2 + 1 



5 2 W 



2 2 / a 

m 2 g I - 



(o 2 + 1) (2a 2 + 1) \m 2 

+7 — nrrTo — rrr m2 # % — 

(a 2 + 1) (2a 2 + 1) \ m 2 

Proof. Since / is (ai, mi) —convex function and g is (a 2 , m 2 ) —convex function, 
then we have 



(2.26) 
and 

(2.27) 



/ (to + (1 - t) b) < t a >f (a) + mi (1 - t Ql ) / 



5 (to + (!-*)&)< t a2 g (a) + m 2 (1 - i Q2 ) ; 



?;?i 



n 1-2 



for all i 6 [0, 1]. It is easy to observe that 

(2.28) / / (x) g (x) dx = (& - a) / / (to + (1 - t) b) g (to + (1 - t) b) dt. 



Using the elementary inequality cd<\ (c 2 + d 2 ) (c,d>0 reals), (|2.26|) and (|2.27|l 
on the right side of (J2.28I) and making the charge of variable and since /, g is non- 
increasing, we have 



(2.29) 



/ (x) g (x) dx 



1 



§(&-«)/ [{/(to+(l-t)6)} 2 + {.g(to+(l-t)6)} 2 



rff 



* ^ (& - a) l 



i Ql /(a)+m!(l-i Q1 )/ 



_t«M f f— 



mi 



+ t Q2 . 9 ( a ) + m 2 (l-t a2 )3 



m 2 



r/f 
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- 2 (b-a) 



1 



2ai 

1a\ 



-f(a) 



(01 + 1) (2ai 
2ai 

(ai + 1) (2ai 
2a§ 



(a 2 + 1) (2a 2 
2a 2 



l) V m i 

-p:Wi/(a)/ ( — 
1) \mi 



2 2 , 

TT m 2fl 

1) \m 2 



1 



2a 2 + l 



5 2 («) 



+ (a 2 + 1) (2a 2 
Analogously we obtain 



1) 



m 2 g (a)g — 



in 2 



(2.30) 



< 



/ ( x ) 9 (x) dx 
1 



- 2 (b-a) 



2ai 
2a\ 



1 



(a x + 1) (2ai 

2a i 
'(ai + l)(2ai 



/» 



™fr ■£- 



a 

r;?i 



+ - 



2al 



(a 2 



1) (2a 2 
2a 2 



1) 



-rtrnifWf — 

1) \mi 



, ;w 2 5 2 I — 
1) \m 2 



1 



2a 2 + l 



5 2 W 



,.,.,., . -r:rn 2 g{b)g 

(a 2 + 1) (2a 2 + 1) \m 2 

Rewriting (J2.29I) and (|2.30p . we get the required inequality in (|2.25[) . The proof is 
complete. 



Remark 3. In Theorem\6\ if we choose ct\ 
Theorem \5\ 



D 



«2 = 1, toe obtain the inequality of 
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